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The quasilinear theory, developed thirty years ago, is the first attempt to understand plasma turbulence.
1,2 Since then, it has been extensively used, discussed and, hopefully, improved. The quasilinear theory is successful for weak turbulence but irrelevant when the fluctuations reach high levels of intensity, the description of which requires more sophisticated tools. In this Brief Communication, we restrict ourselves to the strict quasilinear scheme. Our purpose is to rediscuss, through the example of the stochastic acceleration problem, the meaning of the theory. Indeed, in recent publications, 3,4 the quasilinear scheme was claimed to be inefficient for describing situations where it should be relevant. It appears, however, that this conclusion has been drawn from a misinterpretation of the theory, which we intend to prove in this Brief Communication. It is subdivided in two parts: in the first, we summarize the derivation and the range of applicability of the quasilinear Fokker-Planck equation when applied to the problem of the stochastic acceleration of a test particle in a specified random electric field. This is a well-known matter, but we emphasize the possible pitfalls encountered when expressing the moments of the profile within the formalism. In the second part of the Brief Communication, an explicit example of a random electric field is studied. We show that the quasilinear scheme reproduces the non-standard ''diffusive'' behaviors ͑i.e., such that the mean square displacement of a test particle does not grow linearly with time͒ which are observed in the direct numerical simulations. 3, 5 We investigate the one-dimensional motion of a charged particle in an external electric field E(x,t):
The electric field E ( ϰ E) is supposed to be a stationary and homogeneous random function with zero mean and with the following second-order correlation:
C͑x,t ͒ϭ͗E͑ xϩxЈ,tϩtЈ͒E͑xЈ,tЈ͒͘. ͑2͒
One also assumes that a decorrelation time c exists, defined by the condition ͉C(x,t)͉Ӷ͉C(x,0)͉ if tϾ c : c measures the time scale on which the random nature of E is appreciable. Together with an initial condition x(0)ϭx 0 , v(0)ϭv 0 , Eqs. ͑1͒-͑2͒ define the stochastic process ͕x(t),v(t)͖. The first problem to cope with when studying Eq. ͑1͒ is its non-linear character. Indeed, direct averages of expressions derived from Eq. ͑1͒ involve correlations of E along the particle orbit ͑Lagrangian correlations͒, while the statistics of E is defined by Eq. ͑2͒ for fixed points in space ͑Eulerian correlations͒. The solution of Eqs. ͑1͒-͑2͒ requires connecting both of them, which, in general, cannot be made exactly. To put it differently, the average of Eq. ͑1͒ generally involves an infinite number of moments of x(t) due to the non-linear dependence of E on x. This also implies that, a priori, one cannot expect to approximate this equation by a finite set of equations for the first few moments of ͕x(t),v(t)͖. The non-linear equation ͑1͒ can however be translated into a linear one by introducing the density f (x,v;t) in the phase space ͕x,v͖ and going over to the associated Liouville's equation:
where ‫ץ‬ t f ϭ‫ץ‬ f /‫ץ‬t and so on. For the initial condition f (x,v;0)ϭ␦(xϪx 0 )␦(vϪv 0 ), the solution of Eq. ͑3͒ is f (x,v;t)ϭ␦͓xϪx(t)͔␦͓vϪv(t)͔, where ͕x(t),v(t)͖ is the solution of Eq. ͑1͒ for the initial condition ͕x 0 ,v 0 ͖. As a result, the ensemble average ͗ f ͘ is the probability distribution function of ͕x,v͖ which specifies the one-time statistics of the phase-space trajectory of the particle. Of course, the introduction of Eq. ͑3͒ does not solve the problem because this equation still leads to a hierarchy. Notice however that all the correlations are now Eulerian ones. For obtaining a closed equation for ͗ f ͘, we start from the average of Eq. ͑3͒ and the equation for the fluctuation ␦ f ϭ f Ϫ͗ f ͘:
By definition, in the quasilinear regime, the term E␦ f Ϫ͗E␦ f ͘ is negligible. The solution of Eq. ͑4b͒ with initial condition ␦ f (x,v;0)ϭ0 is then
This expression is used for evaluating the term ͗E␦ f ͘ in Eq.
͑4a͒:
The last step is justified if C(vt,t) goes to zero before any significant variation of ͗ f ͘ occurs, which, roughly speaking, is true if the effect of the noise E is weak on the time scale c ͓see Eq. ͑15͒ below͔. This condition also justifies the neglect of the non-linear term in Eq. ͑4b͒ and, hence, it gives the range of validity of the quasilinear theory ͑see Ref. 2͒. By injecting Eq. ͑5͒ in Eq. ͑4a͒, we obtain for tϾ c ,
The Fokker-Planck equation ͑6͒ is the fundamental result of the quasilinear scheme. It approximates the random dynamics given by Eqs. ͑1͒-͑2͒ by the Markovian process specified by Eq. ͑6͒. Again, this is justified since the noise E ''forgets its past'' on the time scale c , which allows defining a slower ''coarse-grained'' time scale for which the process is indeed quasi-Markovian. Let us now take Eq. ͑6͒ for granted for all times and analyze its consequences. Integration over x of this equation yields the equation for the velocity distribution n(v;t)ϭ͐dx͗ f (x,v;t)͘:
with initial condition n(v;0)ϭ␦(vϪv 0 ). The function D 0 (v) entering this Fokker-Planck equation is the usual quasilinear diffusion coefficient in velocity space. It is worth stressing that no connection between the moments of the density n and D 0 (v) is necessary in deriving Eq. ͑8͒. Such a connection can now be established as follows; defining the centered moments of the velocity by
we have
This property is readily proved from the relation
which one uses in the definition ͑9͒. However, Eqs. ͑10͒ do not imply a linear relation between ͗⌬v 2 ͘ and t for finite times:
Again, this is obvious since, using Eq. ͑9͒ in Eq. ͑8͒, ͗⌬v 2 (t)͘ is shown to obey
For a velocity-dependent D 0 (v), the right hand side of this expression cannot, in general, be evaluated without the explicit knowledge of the density n and, clearly, Eq. ͑12͒ may yield a non-linear dependence of ͗⌬v 2 ͘ on t even for a timeindependent diffusion coefficient D 0 (v). The same is of course true for any ͗⌬v n ͘, which also shows that Eq. ͑8͒
cannot be translated into a finite set of equations for the first few moments of n, as already mentioned. Summarizing, the existence of a diffusion coefficient D 0 (v) entering the Fokker-Planck Eq. ͑8͒ does not imply that the process is diffusive. Of course, the Fokker-Planck equation ͑8͒ and, hence, Eqs. ͑10͒, only provide a relevant approximation for times larger than c : the exact dynamics requires ⌬v ϰ t if tӶ c and, hence, the time-derivative of ͗⌬v 2 ͘ is zero at the initial time. Consequently, the exact mean square displacement of a test particle obtained from experiments or simulations needs neither obey Eq. ͑10͒ for tϽ c nor be diffusive for tϾ c . The identification at time tϾ0 between D 0 (v) and half the time derivative of ͗⌬v 2 ͘ may thus be illicit in any case and lead to the wrong conclusion that the quasilinear scheme breaks down even within its range of applicability. Such a pitfall is well known but seems to be responsible for some confusion in the literature.
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For the purpose of illustration, we now consider an explicit form for the correlation ͑2͒: .
͑14͒
The validity of the quasilinear approximation requires that the profile n does not vary significantly on the time scale c ϭ⑀. An order of magnitude estimation based on Eqs. ͑8͒ and ͑14͒ yields, after some algebra,
implies that vϭ0 is a natural boundary for the problem and that no transition between the ranges vϾ0 and vϽ0 is possible. For D 0 given by Eq. ͑14͒, the evaluation of the solution of Eq. ͑8͒ requires numerical integration; it is
